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Motivation
Motivation

@ The Proton exchange membrane fuel cells (PEMFC) are
electrochemical conversion devices that produce electricity from
fuel and an oxidant.

@ The the membrane would dry on higher temperatures!

@ Since the heat produced in fuel cells appearing on a specified side
of cell, we need to apply different boundary conditions on different
sides of the two dimensional mathematical model.
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Problem
Problem

Two-dimensional classical diffusion problem: The heat conduction
equation

The general form of the equation on Q2 x (0,7'), where
Q:=10,1] x [0,1], is

cg? = kV3u, (z,y) €Q, t € (0,T),
ou
=7, — =0,t T 1
u|FD T, 871 - O? € [07 ) ( )

u('r7y70) = UO(xay)v ('r7y) € Q7

'y : Neumann boundary condition (x =0 or x =1 or y = 1),
I'p : Dirichlet boundary condition was applied (y = 0)
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Problem
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equation
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ou
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u|FD T, 871 - 07 € [07 ) ( )

u(x7y70) = UO(xay)v (x7y) € Q7

'y : Neumann boundary condition (x =0 or x =1 or y = 1),

I'p : Dirichlet boundary condition was applied (y = 0)

Numerical solution is needed — Which time step size of the finite
element theta-method can be used to retain the physical
characteristics of the solution?
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Semi-Discretization
Semi-Discretization

We seek the spatially discretized temperature u, in the form:

a(@,y,t) Z«m Nij(®,y), 2)

,J=0

where N; ;(x) are the following shape functions:

~

1— (@i —2) - ;g5 —v), if(2y) €wy’
1-— %(:UZ —x), if (z,y) € wy?

Niyfa) = {10000, i
’ 1+ (zi—2)+ +(y; —y), if (z,y) € wy’
1+ %(:}U, — ), if (z,y) € wé’]
1= (w5 — ), if (,y) € wg’
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Preliminaries Semi-Discretization
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The equilateral triangle grid on the analysed domain
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Preliminaries Semi-Discretization

By redistributing the indices, the following equations draw up:
Z ¢y o (t / N, 1N jdydz+

i,k=0
ik (t ) ) ) g dud :07 4
i,k:ogb’k()/f),i( or oz oy oy ) @
ji=12...n,1=0,1...n.

Let K, M € R™Dx"" denote the so-called stiffness and mass
matrices, respectively, defined by:

_ ON;; ON;;  ON;r ONj,
(Kr)ij = /Q n( = 5t )dyd:c, (5)
(M1 )i, g _/QCNzk N; dydz. (6)
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Finite-element Theta Method

(4) can be expressed as:
M® +K®=0, @)

Discretization:
@ Space — Linear finite element method
@ Time — Theta-method

@m—i-l _ q)m
M=+ K (62" +(1-6)2™) =0. 8)

where © is related to the numerical method and it is an arbitrary
parameter on the interval [0, 1].

O = 0.5 — Crank-Nicolson implicit method.
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Analysis of FEM Equation

Let @, denote the transpose of the temperature vector at the i-th row of
the discretization of Q2, namely ®; = (®; 0, ®;1,. .., @i,n)T. It is worth

emphasizing that, there could be a discontinuity in the initial conditions
at y = 0. We investigate the condition under which the first iteration,

denoted by ®=®!, results in non-negative approximation.
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Finite-element Theta Method Homogenous initial condition

First we put ug(z) = 0, which yields ®) =0, (i = 1,2,...,n).
Considering the fact that the matrices of equation (8) are block

tridiagonal matrices the following system can be obtained:
Aq)() —I—B‘I)l + CCI)Q =0
APy + BPy + CP3 =0

A®, o+ B, 1 +CP, =0
A®,_ 1 +D®, =0
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Finite-element Theta Method Homogenous initial condition

We seek the solution in the form
(I)i :ZZ'CI)(), i:(),l,...,n. (9)

Obviously, Zj is the n-by-n indentity matrix. ®¢,, can be expressed as

®, =—-D"1AZ, 1D, (10)
which implies that
Zn=-D"'AZ, | = Xn_1Zn_1, (11)
where
X,_1=-D1A. (12)

In the next step, Z,,_1 can be expressed applying (11), and then for the
i-th equation the following relation holds:

Z; = — (B aF CXi)_l AZ;, 1 =X, 1Z; 1,1=1,2,....n— 1, (13)

where

Xi1=—(B+CX)) 'A i=n—-1,n-2,..,1. (14)
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Finite-element Theta Method Homogenous initial condition

We obtained the following statement.

The solution of the system of linear algebraic equations can be defined
by the following algorithm.

Q Weput Zy = I,,;
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Finite-element Theta Method Homogenous initial condition

We obtained the following statement.

Theorem

The solution of the system of linear algebraic equations can be defined
by the following algorithm.

Q Weput Zy = I,,;
Q We define X,,_1, X,,_o, ..., Xo by the formulas (12) and (14),
respectively;
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Finite-element Theta Method Homogenous initial condition

We obtained the following statement.

Theorem

The solution of the system of linear algebraic equations can be defined
by the following algorithm.

O Weput 7, = I,,;
Q We define X,,_1, X,,_o, ..., Xo by the formulas (12) and (14),
respectively;

© We define 7y, Z,, ..., Z, by the formulas (11) and (13),
respectively;

© By the formula (9) we define the values of ®;.

The relation ®; > 0 holds only under the condition Z; > 0. From (13)
we can see that it is equivalent to the non-negativity of X; for all
1=0,1,....,n— 1.
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Characteristics
Characteristics

Using the one-step iterative method to the discretization of (7) the
following system of linear algebraic equations is obtained:

Po™tt = @™ m=0,1,..., (15)

where P, = M + AtOK, P, = M — At(1 — ©)K. Itis clear that for all
d™*! to be non-negative, the non-negativity of the following matrix is
required:

P=pP'p (16)

The sufficient conditions of the non-negativity of P are the following:

Prt>0 and P, > 0. (17)
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Finite-element Theta Method Characteristics

For P, it is easy to give a condition that guarantees its non-negativity.
By analyzing the elements of the matrix. The following condition can
be obtained:
h2c
— —4k(1-0) >0 18
which is equivalent to the condition
h2c

At < T (19)
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Finite-element Theta Method Characteristics

It is not possibile to obtain a sufficient condition for the non-negativity
of the matrix P;"* by the so-called M-Matrix method. It follows from the
fact that P, contains some positive elements in its offdiagonal.
Therefore, a sufficient condition for the inverse-positivity of P; is
obtained by Lorenz.

Lemma

(Lorenz) Let A be an n-by-n matrix, denote A; and A~ the diagonal
and the negative offdiagonal part of the matrix A, respectively.
Let A~ = A% + A° = (af;) + (af;). If

n
—1 o .
ajj < Z Ak Okjyr Vijs L F J, (20)
k=1

then A is a product of two M-matrices, i.e., A is monoton.
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Finite-element Theta Method Characteristics

We could analyse matrix P; with the theorem if it is decomposed into
the diagonal part, the positive offdiagonal part, the upper triangular
and lower triangular negative parts. All the conditions of the theorem

are satisfied if:
( 1 At >2
o=t
2
1 < 12 h?c

2 "r2c
which implies the lower bound
h2c
<
o (3+ via) < A (22)
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- Summay |
Summary

The following statement is proven.

Theorem

Let us assume that the conditions

h2c h2c
V4 <At ————
for (3+ V1) < L=3a—ew

hold. Then for the problem (1) with arbitrary non-negative initial
condition the linear finite element method results in a non-negative
solution on any time level.

(23)
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Thank you for your attention!
contact: szabot@cs.elte.hu
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